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Abstract. Let / : X — > Spec(Z) be an arithmetic variety of dimension d > 2 and (H,k) 
an arithmetically ample Hermitian line bundle on X, that is, a Hermitian line bundle with 
the following properties: 

(1) H is /-ample. 

(2) The Chern form ci(i/oo, k) gives a Kahler form on Xoo. 

(3) For every irreducible horizontal subvariety Y (i.e. Y is flat over Spec(Z)), the 
height c 1 ((H,k)\ Y ) dimY of Y is positive. 

Let (E,h) be a rank r vector bundle on X. In this paper, we will prove that if Eao is 
semistable with respect to Hoo on each connected component of A"oo, then 

|c 2 (£,/i) - r -^-c 1 {E,h) 2 ^ ■c l {H,k) d - 2 > 0. 

Moreover, if the equality of the above inequality holds, then Eoo is projectively flat and h 
is a weakly Einstein-Hermitian metric. 
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Introduction. Let / : X — > Spec(Z) be a <i-dimensional arithmetic variety (i.e. X is a 
(i-dimensional integral scheme and / is a projective and flat morphism with the smooth 
generic fiber). Let (E, h) be a rank r Hermitian vector bundle on X. In [Mo], we proved 
that, if d = 2 and E^ (= E 1 <g>z C) is semistable on Xoo (= 1 ®z C), then 

c 2 (£,/i) - ^^ci(£,/i) 2 > 0. 

We would like to generalize the above inequality to a higher dimensional arithmetic 
variety. For this purpose, let (H, k) be a Hermitian line bundle on X such that H is 
/-ample and the Chern form ci(i7oo, k) gives a Kahler form on X^. Unfortunately, even 
if E'oo is iioo-semistable, 

r ~ 1~ 1 ^ ( rj u\d-2 



c 2 (E, h) - -^-c^E, h) 2 j ■ c x {H, k) 

is not non-negative in general. For example, if E^ is not projectively flat and c is a 
sufficiently large positive number, then 

c 2 (E, h) - ^ME, h)^ c^H, ck) d ~ 2 < 0. 

This indicates us that we need a good condition for (H, k) . That is "arithmetical ample- 
ness" due to S. Zhang [Zh], which is, roughly speaking, a natural arithmetic analogy of 
Nakai-Moishezon criterion for ampleness. More precisely, (H 7 k) is said to be arithmeti- 
cally ample if the following conditions are satisfied. 

(1) H \s /-ample. 

(2) The Chern form c^H^, k) gives a Kahler form on X^. 

(3) For every irreducible horizontal subvariety Y (i.e. Y is flat over Spec(Z)), the 
height ci( (H, k)\ Y ) dirnY of Y is positive. " 

Using an arithmetically ample Hermitian line bundle, our main theorem of this paper is 
the following. 

Main Theorem. Let f : X — > Spec(Z) be an arithmetic variety of dimension d>2 and 
(H, k) an arithmetically ample Hermitian line bundle on X . Let (E, h) be a rank r vector 
bundle on X . If E^ is semistable with respect to on each connected component of 
Xoo, then we have 

c 2 (E, h) - ^cx(£, /*) 2 } • c 1 (H, k) d ~ 2 > 0. 

Moreover, if the equality of the above inequality holds, then E^ is projectively flat and h 
is a weakly Einstein- Hermitian metric. 

Here, we would like to explain technical aspects of the proof of Main Theorem. In 
the geometric case, the Bogomolov-Gieseker's inequality is derived from the Bogomolov- 
Gieseker's inequality on surfaces and Mehta-Ramanathan's restriction theorem [MR]. 
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But the arithmetic case is not so simple. For example, let be a section of H°(X, H). 
Then 

C2(E, h) - r -^ L c 1 (E, /i) 2 } • MH, k) d ~ 2 = 

U(E,h)\ dwW ) - ^^{{EM^)?) -M(H,k)\ dwW ) d - 3 

-J^ log(v^j) | c 2 (E 00 ,h) - r -^l Cl {E 00 ,h) 2 ^c 1 {H 00 ,k) d -\ 

To proceed induction of dim X, we need a section <f> with the following properties. 

(a) div((/> 00 ) is smooth. 

( b ) ^ooldM^) is semistable. 

(C) ||0||sup<l. 

By S. Zhang's result [Zh] concerning the existence of strictly effective sections, we can find 
a section <p satisfying (a) and (c), replacing H by H m if necessarily (cf. Corollary 1.3 
and Theorem 2.3). Unfortunately, Mehta-Ramanathan's restriction theorem does not 
guarantee a section with (a), (b) and (c). We need a more powerful restriction theorem, 
that is, 

Bogomolov's restriction theorem, (cf. Theorem 3.1 and Lemma 4.3.2) Let X be 

a smooth projective variety of dimension d > 2 over an algebraically closed field of 
characteristic zero and H an ample divisor on X . Let E be a semistable torsion free 
sheaf on X with respect to H . Then, there are an effectively determined integer mo and 
closed points xi, . . . ,x s of X such that, for all m > mo, if C e \mH\ is normal and 
C fl {xi, . . . ,x s } = 0, then E\ c is semistable with respect to H\ c . 

The original result of Bogomolov [Bo2] was restricted to the surface case, but in this 
paper, we generalize it to a higher dimensional variety. 

In §1, §2 and §3, we will prove a generalization of Bogomolov's restriction theorem. 
§4 and §5 are preliminaries for the proof of the main theorem. §6 is devoted to the proof 
of the main theorem. 

1. Intersection pair and positive cone. Let X be a smooth projective variety of 
dimension d > 2 and Hi, . . . , Hd-2 ample divisors on X. We set H = (Hi, . . . , Hd-2) 
and N 1 (X) = ({divisors on X}/=)® R. Here we define a natural pairing 

( • )n : N 1 (X) x N 1 (X) — > R 

by (x ■ y)n = (x ■ y ■ Hi ■ ■ - Hd-2)- The set {x G N 1 (X) | (x ■ x)u > 0} consists of 
two connected components. One of them contains all ample divisors. This component is 
called the positive cone of X and is denoted by P(X;H). The following lemma is useful 
for later purpose. 
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Lemma 1.1. Let P(X;7i.) be the topological closure of P(X;Ti). Then, we have the 
following. 

(1) (a; • y) n > for all x G P(X; H) and y G P(X; H) \_{0}. 

(2) x G P(X; Ti) if and only if (x ■ y) n > for all y G P(X; Ti) \ {0}. 

Proof. (1) By Hodge index theorem, we have a basis {ei, . . . , e n } of N 1 (X) such that 
ei G P(X;H), (ei • ei) w = 1, (e 2 • e 2 )w = (e3 • e 3 ) w = • • • = (e n • e n ) w = -1 and that 
(ei • e_j)ft = for i ^ j. We set x = x\e\ H h x n e n and y = yiei H h y n e n . Then, 



xi > V( x 2) 2 + --- + (xn) 2 and y x > ^(y 2 ) 2 + ■ ■ ■ + (y n ) 2 - 
Since y ^ 0, j/i > 0. Thus, by Schwartz' inequality, we get 
(x ■ y)u = xiyi - x 2 y2 x n y n 

> xiyi _ ^7(^)2 +777+ {Xn) 2^ {y2) 2 + . . . + (yn) 2 



= - y/(x 2 ) 2 + --- + (x n ) 2 ) + 

VM 2 + --- + (x n ) 2 ( yi - V(y2) 2 + --- + (yn) 2 ) 

> 0. 

(2) By (1), it is sufficient to show that x G P(X;H) if (x ■ y)u > for all y G 
P(X; Ti) \ {0}. We set x = x\e\ + • ■ • + x n e n . Since xi = (x ■ e\)n > 0, we may assume 
that x\ = 1. Moreover, we may assume that (x 2 ) 2 H + (x n ) 2 ^ 0. We set 

Then y G Ti) \ {0}. Thus, 



(x • y) n = 1 - v / (x 2 ) 2 + --- + (x n ) 2 > 0. 

Therefore, we have 

(x-x) n = 1- ((x 2 ) 2 + ■ ■ ■ + (x n ) 2 ) > 0. □ 

2. Unstability theorem. First of all, we will introduce several notations. Let X be 
a smooth projective variety of dimension d > 2 and H, Hi, . . . , Hd- 2 ample divisors on 
X . We set = (Hi, . . . , Hd- 2 ). For a torsion free sheaf i? on X, an averaged degree 
H, Hi, . . . , Hd-2) of E with respect to H, Hi, . . . , Hd- 2 and a discriminant S-n(E) 
of i? with respect to Ti are defined by 

fj,(E; H, Hi, . .. , H d - 2 ) = - — d_2^ 



6n{E) = {i^k^ cl{E)2 - C2{E) ) ' H1 '" Hd - 2 ) ■ 

We say E is stable (resp. semistable) with respect to H, Hi, . . . ,H d - 2 if, for all sub- 
sheaves F with OCFCB, 

fi(F; H,H X ,..., H d _ 2 ) < fi(E; H,H U ..., H d _ 2 ). 

(resp. ju(F; H,Hi,..., H d _ 2 ) < p(E; H,Hi,..., H d . 2 )) 
Moreover, for torsion free sheaves E and FonI, we set 

ci(F) Cl (E) 



d(F,E) 



rkF rkE 



Let O^S'^E'^Q^Obean exact sequence of torsion free sheaves on X. We can 
easily see that 

(2.1) 8 H (E) = 8 H (S) + 8 H (Q) + (d(S, E) 2 ) n . 
In particular, if (d(S, E) 2 ) n > 0, then 

(2.2) 5 H (E) < 5 n (S) + 8 n (Q) + rkE ^ kE Z V {d{S , Ef) n . 

The purpose of this section is to give a generalization of Bogomolov's unstability 
theorem [Bol] to a higher dimensional projective variety. 

Theorem 2.3. Let X be a smooth projective variety of dimension d > 2 over an alge- 
braically closed field of characteristic zero and 7i = (Hi, . . . , H d - 2 ) a sequence of ample 
divisors on X. Let E be a torsion free sheaf on X. If S-h(E) > 0, there is a saturated 
subsheaf F of E with d(F, E) e P(X;H). 

Proof. Let H be another ample divisor on X. We set 

W(G) = {xe P(X- H) \ {0} | (d(G, E) ■ x) H > 0} 

for a saturated subsheaf G of E with (d(G, E) ■ H) n > 0. Then, by virtue of (2) of 
Lemma 1.1, d(G, E) E P(X; H) if and only if W(G) = P(X; H) \ {0}. Here we claim: 

Claim 2.3.1. The set 

{[d(G, F)} e AT X (X) | G is a saturated subsheaf of E with (d(G, E) ■ H) n > 0} 
is finite. 

For this purpose, it is sufficient to show the following lemma. 
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Lemma 2.3.2. Let T be a torsion free sheaf on X and M a real number. Then, the set 
{[ci(L)] e N X (X) \L is a rank 1 subsheaf ofT with (a(L) ■ H) H > M} 

is finite. 

Proof. It is easy to see that there is a filtration of T: = To C Ti C • • • C Ti-i C T\ = T 
such that Ti/Ti-i is a rank 1 torsion free sheaf for every i. Let Li be double dual of 
Tj/Tj_i. Let L be a rank 1 subsheaf of T with (a(L)-H) n > M. Pick up % with L <f_ T { _ x 
and L C Ti. Then, since L — > Tj/T_i is non-trivial, there is an effective divisor T>^ on 
X such that ci(L) + D L = ci(L,). Thus 

(DL-H^KidiLj-H^-M. 

Therefore Dl has a bounded degree. It follows that Dl sits in a bounded family of 
effective divisors on X. Hence, we have our lemma. □ 

Since 5-n(E) > 0, by Corollary 4.7 of [Mi], E is not semistable with respect to 
H, Hi, . . . , Hd-2- Thus, there is a saturated subsheaf F of E with (d(F, E) ■ H) n > 0. 
Then, by (2.1), 

(2.3.3) 8 H (E) = 5 n (F) + S n (E/F) + { f^F) ( ^ ( ^ E)2)n ' 

First, we consider the case where rkE = 2. Since rkF = rk E/F = 1, we have 
8 H (F) < and S H (E/F) < 0. It follows (d(F, E) 2 ) H > by (2.3.3). 

In general, we prove this theorem by induction on rk E. Here we claim that 

Claim 2.3.4. If (d(F, E) 2 )^ < 0, then there is a saturated subsheaf F\ of E such that 
(d(Fi,E)-H) H >0 andW(F) CW(Fi). 

Since (d(F, E) 2 ) n < 0, by (2.3.3), we have either 8 H (F) > or 8 n (E/F) > 0. 

If 5t-c(F) > 0, then by hypothesis of induction there is a saturated subsheaf Fi of F 
with d(F u F) E P{X;H). Here since d{F u E) = d(F u F) + d(F, E), we have W{F) C 
W{Fi). 

If 5-u{E/F) > 0, then by hypothesis of induction there is a saturated subsheaf F\ of 
E such that F C Fi and d(Fi/F, E/F) e -P(^; H). Here by an easy calculation, we get 

H(F F) - Tk ^/ F h (F !F F'F\ l * kF * k (E/Fi) 
d{FuE) ~ d(Fi/F, E/F) + TkFilk{E/F) d(F,E). 

Therefore, W(F) C W(Fi). Thus we have our claim 

We set F = F. If (d(F , E) 2 )-^ > 0, F is our desired subsheaf. Otherwise, by 
Claim 2.3.4, there is a saturated subsheaf Fi of E such that (d(Fi,E) ■ H)-n > 
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and W{Fq) C W(F 1 ). If (d(F 1 ,E) 2 ) H > 0, then we have our theorem. Otherwise, 
by Claim 2.3.4, we get a saturated subsheaf F 2 of E such that (d(F2,E) ■ H)^ > 
and W(F\) C W(F2). Here we assume that continuing these procedures, we can not 
get a saturated subsheaf F n with d(F n , E) G P(X;H). Then, there is a sequence 
{Fo, Fi, F2, . . . , F n , . . . } of saturated subsheaves of E such that (d(Fi, E) ■ H))^ > 
for all i > and 

W(F ) C W(F0 C • • • C W(F n ) C • • • C P(X; W) \ {0}. 

In particular, the numerical classes [d(F t , E)] of <i(Fj,F) are distinct. This contradicts 
to Claim 2.3.1. □ 

Corollary 2.4. Let X,H\,... , Hd-2 be same as in Theorem 2.3. Let E be a torsion 
free sheaf on X . If S-h(E) > 0, then we have the following. 

(1) There is a saturated subsheaf F of E with 5-}{(F) < and d(F, E) e P(X;TC). 

(2) T/iere is a saturated subsheaf T of E with S H (E/T) < and d(T, E) e P(X;H). 

Proof. (1) We set 

D(E) = {F I F is a saturated subsheaf of F with d(F, E) e P(X; H)}. 

By Theorem 2.3, D(E) ^ 0. Moreover, by virtue of Claim 2.3.1, the image of D(E) 
in A^ 1 (X) is finite. Therefore, there is an element F of D(E) such that (d(F, F) 2 )-^ is 
maximal. Let us see 5-^(F) < 0. If 5-h(F) > 0, by Theorem 2.3, there is a saturated 
subsheaf L of F with d(L, F) e P(X;H). Then, d(L, F) = d(L, F) + d(F, E) e P(X;H). 
Thus, by (1) of Lemma 1.1, 

(d(L, F) 2 ) w = ((d(L, F) + E)f) n > (d(F, E) 2 ) n . 

This is a contradiction. 

(2) Applying (1) to the dual F v of F, we have a saturated subsheaf T' of F vv 
with 5 n (E wy /T') < and d{T',E ww ) n e P x ,n- We set T = T' E. Then we have 
rf(T,F) = rf(T',F vv ) and 5 n {E /T) < 5 n (E^ /T') < 0. Thus we have the second 
assertion. □ 

Corollary 2.5. Let X,Hi,... , Hd-2 be same as in Theorem 2.3. Let E be a torsion 
free sheaf on X. If 5(E) n > 0, there is a saturated subsheaf L of E such that 5-yt(L) < ; 
d(L,E) E P(X;H) and that 

^^l (d(L , Ef)H> _ s(E)H . 

Proof. By (2) of Corollary 2.4, there is a filtration of F: = T C T x C • • • C T;_i C 
T\ = E of length / > 2 with the following properties: 

(a) Ti/Ti-i is torsion free for every 1 < i < I. 

(b) SniTi/Ti-i) < for every 1 < i < I 

(c) d(Ti_i, Ti) G P(X; W) for every 2<i<l 
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Thus by (1) of Lemma 1.1 and (2.2), we get 



8 H {E) < 



rkT,(rkT t -l) 
2 



(d(T i - 1 ,T i ) 2 ) n 




< 




< 



rkE(rkE- 1) 



2 




n 



rk£(rk£- 1) 



(d(T 1: E) 2 ) n 



2 



Therefore, Ti is our desired subsheaf. □ 

3. Restriction theorem. Let E be a rank r vector bundle on a smooth projective 
variety of dimension d over an algebraically closed field of characteristic zero. We assume 
that E is semistable with respect to an ample divisor H. V. Mehta and A. Ramanathan 
[MR] proved that, for a sufficiently large m and a general member C of \mH\, the 
restriction E\ c to C is also semistable. Unfortunately, by their method, we can not find 
an effective estimation of m. For example, this is very important to see boundedness of 
a family of semistable vector bundles. In [Fl], H. Flenner found an effective estimation 
of m. More precisely, he proved that if m satisfies an inequality 



then, for a general hypersurface C in \mH\, the restriction E\ c to C is also semistable. 

Next it is very natural to ask whether semistability is preserved by a special restriction 
or not. Recently, F. A. Bogomolov [Bo2] gives an answer of the above question for the 
case where d = 2. His result says that the restriction of a stable vector bundle to a 
smooth member of \mH\ is also stable. In the semistable case, his result doesn't not hold 
in general. For example, there is a rank 2 vector bundle E on P 2 with an exact sequence 
— > (9 P 2 — > E — > m x — > 0, where m x is the maximal ideal at a point x e¥ 2 . Then, E is 
semistable, but E\ c is not semistable for all curves C passing through x. This example 
shows us that we must take care of pinching points of the Jordan-Holder filtration in the 
semistable case. In this section, we would like to give a generalization of Bogomolov's 
restriction theorem [Bo2] to a higher dimensional variety including a semistable case. To 
state the main theorem of this section, first of all, we will introduce a Jordan-Holder 
filtration of a semistable vector bundle. 

If a vector bundle E is semistable with respect to H , Hi , . . . , H d _ 2 , there is a filtration 




of E: 



= £ C£iC---C Ei-! C Ei = E 
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with the following properties: 

(1) Ei/Ei-i is torsion free for every 1 < i < I. 

(2) Ei/Ei-i is stable with respect to H, Hi, . . . , H d - 2 for every 1 < i < I. 

(3) niEi/Ei-uH, H u ..., H d _ 2 ) = fj,(E; H,H U ..., H d _ 2 ) for every 1 < % < I. 

The above filtration is called a Jordan-Holder filtration of E. It is well know that 
© i=1 Ei/Ei-i does not depend on the choice of a filtration. So we denote this sheaf 
by Gr JH (E). 

The main theorem of this section is the following: 

Theorem 3.1. Let X be a smooth projective variety of dimension d > 2 over an al- 
gebraically closed field of characteristic zero and H, Hi, . . . , Hd-2 ample divisors on X . 
We set H = (Hi, . . . ,Hd-2)- Let E be a semistable torsion free sheaf with respect to 
H, Hi, . . . , Hd-2 on X . Let m be a positive integer with 

m > max {-2rk(/\ P E)5 n (/\E)} 

and C a divisor in \mH\ such that C is normal and Gr J H \/\ P E) has no torsion for 

all < p < rkE, where J\ P means p-th exterior power modulo torsion. Then, E\ c is 
semistable with respect to Hi\ c , . . . , Hd-2\c- Moreover, if E is reflexive, then 

(Note that f\ E is semistable with respect to H, Hi, . . . , H^-2 for every < p < rkE.) 

The following lemma is a key for the proof of Theorem 3.1. 

Lemma 3.2. Let X be a smooth projective variety of dimension d > 2 over an alge- 
braically closed field of characteristic zero and H, Hi, ■ ■ ■ , Hd-2 ample divisors on X . 
We set H = (Hi, . . . , Hd-2)- Let E be a rank r stable torsion free sheaf with respect to 
H, Hi, . . . , Hd-2- Let m be a positive integer with m > —2r5-}i(E) and C a divisor in 
\mH\ such that C is normal and E\ c has no torsion. Then, for all rank 1 torsion free 
quotient sheaves Q of E\ c , we have 

K E \c i Hi\ c , H d _ 2 \c) < KQ'i Hi\ c , H d _ 2 \c)- 
Proof. Assume that there is a rank 1 torsion free quotient sheaf Q of E\ c with 

K E \c Hi\ c , H d - 2 \ c ) > n(Q; Hi\ c , H d - 2 \ c ). 

We set F = Ker(E — >■ Q). Then it is easy to see that ci(F) = ci(E) — C and 

(c 2 (F) -Hi--- H d - 2 ) = (c 2 (E) -Hi--- Hd-2) - deg(£| c ; H x \ c , . . . , H d - 2 \ c ) 

+ deg(Q; H 1 \ c ,... , H d - 2 \ c ). 
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Thus we have 

S n (F) = 5 n (E) + r -^(C 2 ) n 

+ n(E\ c ; Hi\ c , . . . , H d - 2 \ c ) - fJ,(Q; Hi\ c , . . . , H d - 2 \ c ) 

>5 n (E) + m \- 1) (H 2 ) n . 
Since —2rd-u(E) is a non-negative integer, it is easy to see that 



m > 



-2r8 n {E) 



(r-l)(H*y 

It follows 5-ft(F) > 0. Thus, by Corollary 2.5, there is a saturated subsheaf L of F such 
that d(L,F) e P(X;H) and ^—-^(d(L,F) 2 ) n > 5 n (F). In particular, we get 

r(r — 1) ( f A( T ^ t mH^\ \ ^ x ^ JP ^ I m 2 (r — 1) ( u2 
2~ 

which implies that 



Here we claim that 



(d(L,E). ^d{L,E) + ^yj <0. 



If (d(L, E) 2 )-j-i < 0, the assertion is trivial because E is stable. So we may assume 
that (d(L,E) 2 ) H > 0. Then, —d(L, E) e P(X;H). On the other hand, d(L,F) = 
d(L : E) + (m/r)H e P(X;H). Thus we have our assertion by (1) of Lemma 1.1. 
By the above claim, we get 

8n(E)< m{r ~ 1 \ d(L,E).H) n . 

Let / be a rank of L. Since lr(d(L, E)-H)-j-i is a negative integer, we have (d(L, E)-H)n < 
—1/lr. Therefore 

-m(r-l) -m 
< 2Zr " "27- 
Thus m < —2r8-yi{E). This is a contradiction. □ 
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Corollary 3.3. Let X be a smooth projective variety of dimension d > 2 over an al- 
gebraically closed field of characteristic zero and H, Hi, ■ • • , Hd-2 ample divisors on X . 
We set H. = (Hi, . . . ,Hd-2)- Let E be a semistable torsion free sheaf with respect to 
H, Hi, . . . , Hd-2- Let m be a positive integer with m > —2 rk(E)d-}-c(E) and C a divisor 
in \mH\ such that C is normal and Gr JH ' (E)\ c has no torsion. Then, for all rank 1 
torsion free quotient sheaves Q of E\ c , we have 

K E \c 'i Hi\ c , H d -2\ c ) < MQ; Hi\ c , H d -2\ c )- 

Proof. Let = E Q C E x C • • ■ C E t _i C E\ = E be a Jordan-Holder filtration of 
E. We set Q l = E./E.-i. By (2.1) and Hodge index theorem, 5 n (E) < ELiMQO- 
Therefore, we have — 2rk(£ , )<^(£') > — 2 rk(Qi)<5^((5i) for all i. Let j be the minimal 
number such that Ej\ c — > Q is non-trivial. Then, we have a non-trivial homomorphism 
Qj\ c — > Q. Therefore, by Lemma 3.2, we get 

MQjlc ; -^llc > • • • ' ^d-2lc) - ^(Q; ^llc ' • • • > f d-2lc)- 
Thus we have our Corollary. □ 

Proof of Theorem 3.1. Let us start the proof of Theorem 3.1. Let Q be a rank p torsion 
free quotient sheaf of E\ c . Then, J\Q is a rank 1 torsion free quotient sheaf of J\ (E\ c ). 
Since f\ p (E\ c ) ~ (A P #)| c » we have A ? (-^Ic) - (A P #)lc /torsion. On the other hand, 
(J\ p E)\ c /torsion ~ (j\ P E^j because there is a surjective homomorphism (/\ p E)\ c — > 

(A^) and (A P ^) is torsion free. Therefore, f\ P Q is a rank 1 torsion free quotient 

sheaf of (A P ^)| 

. Thus, by Corollary 3.3, we get 

M (/\V) \ c ; Hi\ c , . . . , # d _ 2 | c ) < ^(/\ P Q; , . . . , H d _ 2 \ c ), 
which implies that 

K E \c '■> H ilc i ■ ■ ■ i Hd-2\c) < viQ'i Hi\ c , H d -2\ c )- 

Therefore, E\ c is semistable. 

If E is reflexive, then, by a calculation of Chern classes, we have 



Sn(h P E)=^ k p E _-y n (E). 



(For this calculation, we may assume that d = 2 and E is locally free.) Therefore, 



Thus, we get the last assertion of Theorem 3.1 □ 



max 

0<p<rkE ' 
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4. Sufficiently ample divisor. In this section, we will consider an estimation of the 
degree of the locus of singular divisors in a complete linear system. Let X be a smooth 
projective scheme over an algebraically closed field. A divisor H is said to be sufficiently 
ample if, for all x 7^ y G X, Ox(H) <g> m x m y is generated by global sections, where m x 
and m y is the maximal ideals at x and y. If H is sufficiently ample, then it is easy to see 
that, for all x G X, Ox(H) ®m x is generated by global sections. Thus, H is very ample. 
Conversely, let try to see that a higher multiple of an ample divisor is sufficiently ample. 

Lemma 4.1. Let X be a smooth projective scheme over an algebraically closed field and 
H an ample divisor on X. Then, there is a positive integer mo such that, if m > mo, 
then mH is sufficiently ample. 

Proof. We consider two closed subschemes Ai and A 2 in X x X x X given by 

Ai = {(x, y, z) I x = y} and A 2 = {(x, y, z) \ x = z). 

Let 7a 1 and Ia 2 be the defining ideals of Ai and A 2 . Let P23 : XxXxX^XxX 
and pi : X x X x X — > X be the natural projections to the second-third factor and the 
first factor. Since p*(Ox(H)) is p 2 3-a m ple, there is a positive integer mo such that, if 
m > m , then R % p 2 z*{p* 1 {Ox{ , mH)) <g> Ia 1 Ia 2 ) = for alH > and 

P23*P23M(Ox(mH)) ® 7 Ai /a 2 )) - pUOx(mH)) ® I a Ja 2 

is surjective. Thus, we have our lemma. □ 

Here we introduce several notations. Let X be a smooth projective scheme over 
an algebraically closed field and X = X\ U • • • U X\ a decomposition into connected 
components. Let H be a divisor on X. We set 

\H\ = ¥(H°(X U Xl (#))) x • • • x P(tf°(X z , Xl (H))). 

(Note that, if X is not connected, then \H\ does not coincide with the usual complete 
linear system F(H°(X, Ox{H))).) A hypersurface Z in \H\ is said to be decomposable if 

there are hypersurfaces Z 4 in P(H°(X i , Xi { H ))) such that z = Pi( z i) H + Pi( z i), 

where p^'s are the natural projections \H\ — > ¥(H°(Xi,Oxi(H))). It is easy to see 
that if a hypersurface Z is decomposable, then there are homogeneous polynomials 
fi G Sym kl ((H°(X h O Xi (H))) v ) such that Z = div(/i • • • //). Moreover, we denote 
by Sing (| if |) the set of all singular divisors in \H\. Using these notations, we have the 
following theorem. 

Theorem 4.2. Let X be a smooth projective scheme of equi- dimension d (i.e. every 
connected component is of dimension d) over an algebraically closed field and H a suf- 
ficiently ample divisor on X . Then, Smg(\H\) is a decomposable hypersurface in \H\ of 
degree 

d 

^ + 1)^(0^).^). 

i=Q 

Moreover, if X is connected, then Sing(|if|) is irreducible. 
Proof. First of all, we need the following lemma. 
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Lemma 4.2.1. Let X and H be as in Theorem 4.2. If X is connected, then Sing (| if |) 
is an irreducible hypersurface in \H\ and there is a non-empty Zariski open set U of 
Sing (| if |) such that if D G U , then D has only one isolated ordinary double point. 

Proof. We set 

E = {(x,D) G X x \H\ | x e D}. 
Let p : E — > X and q : E — > be the natural projections. Moreover, we set 

.B = {(x, D) G X x \H\ \ x e D and L> is singular at x.}. 

We denote by B x the fiber of p : B — > X at x. Since if is very ample, as in the 
proof of [Ha, Theorem II.8.18], B x = F(H°(X, O x {H) ® m 2 x )) and dimB x = n - d - 1, 
where n = dim|i7|. Thus, S is irreducible and of dimension n — 1. Therefore, since 
Sing (| if |) = p(B), Sing(|if|) is irreducible and of dimension < n — 1. Hence, in order 
to see our lemma, it is sufficient to see that, for all x e X, there is a non-empty Zariski 
open set U x of B x such that if D G L^, then D \{x} is smooth and D has an ordinary 
double point at x. Moreover, since 



H°(X, O x (H) ® m£) -> 0(H) ® m 2 x /m 



is surjective, it is sufficient to find an open set U' x of B x such that if D G U' x , then L)\{x} 
is smooth. For this purpose, we consider the following scheme. 

T = {(y, D) G (X \ {x}) x \H\ \ x,y G D and D is singular at x and y.}. 

Clearly we have T fl p~ x (y) = F(H°(X, O x (H) <g> m 2 x m 2 y )). Since 

and 

Ox(i^) ® m'm,) -> O x {H) ® (m y /m 2 y ) 

are surjective, we get dim(T C\p~ 1 (y)) = n — 2d — 2. Therefore, dimT = n — d — 2. Thus 
T is a proper closed subset of B x . Therefore, we have our assertion. □ 

Let us go back to the proof of Theorem 4.2. First, we consider the case where X is 
connected. Then, by Lemma 4.2.1, there is a pencil {H\}\ e ^i on X with the following 
properties. 

(1) Hasp 1 ^\ is smooth. 

(2) If I is a corresponding line of the pencil Hagp 1 in \H\, then 

#(Sing(|#|)nO=deg(Sing(|#|)). 

(3) H\ has at most one ordinary double point for all A G P 1 . 
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Let n : Y — > X be a blowing-up along Hasp 1 an< ^ / : ^ ^ P 1 the induced morphism. 
Let 

— ► f (Opi) — > Oy — * ^X/P 1 — * ^' 

the canonical exact sequence. Then, by (2), (3) and [Fu, Example 3.2.16], 

deg(Sing(|tf I)) = c d (n Y ® (/* (^)) V ). 

Therefore, by [Fu, Example 3.2.2 and Theorem 15.4], we have 

deg(Sing(|#|)) = Cdi^y) + 2c d _ 1 (0^) 

= c d (Q} x ) + c d - 2 (Q} c ) + 2c d _i(0^) 

where H v is a general element of {H\}\ e fi and C = Hasp 1 On the other hand, 

d d 
c d - 1 (n 1 Hri ) = J2(cd-i(n 1 x )-H i ) and c d _ 2 (fi^) = ]T(z - l)(c d _,(fi^) • fT). 

i=l i=2 

Hence, we have 

deg(Sing(|#|)) = £(i + l)(c d _,(^) • W). 

i=0 

Next we consider a general case. Let X = X\ U • • • U Xi be a decomposition into 
connected components. Then, 



I 

I I Hi I V ... V CSnrrfl m h V . . . V I wi 

x. 



Sing(|ff|) = |J | | x ■ ■ ■ x Sing(| |) x ••• x | if 



Therefore, Sing (| if |) is a decomposable hypersurface and 

i 

deg(Smg(|ff|)) = £deg(Sing(|tf| x J)). 
i=i 

Thus, 

i d d 
deg(Sing(|#|)) = 2^+ l)(Cd-i(fl^) • H l ) = £(i + l)(cd_,(f&) • if 1 ). 

j=l i=0 i=0 

Therefore, we have our theorem. □ 
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Corollary 4.3. Let X be a smooth projective scheme of equi- dimension d > 2 over an 
algebraically closed field of characteristic zero and H ample divisors on X . Let E be a 
torsion free sheaf on X such that E is semistable with respect to H on each connected 
component. Then, there are closed points x±, . . . ,x s of X such that, if m is sufficiently 
large and C is a smooth divisor of \mH\ with Cn{xi, . . . , x s } = 0, then E\ c is semistable 
with respect to H\ c . Moreover, let Z m be the set of all divisors D of\mH\ such that D is 
singular or D n {x±, . . . ,x s } ^ 0. Then, if m is sufficiently large, Z m is a decomposable 
hypersurface of \mH\ at most of degree 

d 

J2^ + ^)(cd- l (n 1 x )-W)m l + s. 

Lemma 4.3.1. Let A be a commutative ring with the identity, M a A-module and N 
a A-submodule of M. If a is not a zero-divisor for M/N , then N/aN — > M/aM is 
injective. 

Proof Assume that N/aN — > M/aM is not injective. Then, there is an element x E N 
such that x E~ aN and x E aM. Thus, we have y E M with x = ay. Since y E" N, y ^ 
mod N. On the other hand, ay = mod N. Thus, a is a zero-divisor for M/N. This is 
a contradiction. □ 

Lemma 4.3.2. Let X be a smooth scheme over an algebraically closed field and F a 
torsion free sheaf on X . Then, there are closed points {x±, . . . ,x s } of X such that, for 
any smooth divisor D on X , if D n {x±, . . . , x s } = 0, F\ D has no torsion. 

Proof. Let E be the double dual of F. Since E is locally a second syzygy sheaf, by 
Lemma 4.3.1, E\ D has no torsion for all smooth divisors D. Let {Pi, . . . ,P S } be the 
set of associated primes of E/F and Vj = Spec ( Ox /Pi)- Pick up closed points Xi E Vi 
with Xi E~ Vj for j ^ i. Let D be a smooth divisor with {x\, • • • , x s } fl D = 0. Then, 
D E~ Pi for all i. Thus, by Lemma 3.1.1, F\ D — > E\ D is injective. Therefore, F\ D has 
no torsion. □ 

Proof of Corollary 4.3. Let us start of the proof of Corollary 4.3. The first assertion is 
an immediate consequence of Theorem 3.1 and Lemma 4.3.2. Let x be a close point of 
X. Then, the set of all divisors in \mH\ passing through a; is a decomposable hyper- 
surface in \mH\ of degree 1. Hence the second assertion is obtained by Lemma 4.1 and 
Theorem 4.2. □ 

5. Strictly effective section. In this section, we will consider strictly effective sections 
of a Hermitian line bundle on an arithmetic variety. First of all, we introduce a simple 
notation. If an integer a has the prime factorization a = if^ 1 • p e ^ • • • p% r , then we set 
rad(a) = p x ■ p 2 ■ ■ -p r - 

Lemma 5.1. Let f : X — > Spec(Z) be an arithmetic variety and L an f -ample line 
bundle. Let x\, x 2 , ■ ■ ■ , x r be distinct points of X such that the residue field n(xi) at Xi 
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has the positive characteristic for every i. We set I = rad(char(ft(;ri)) • • • char(«(a; T .))) . 
Then, there is a positive integer no such that, for all n > no, if e\,e2, ■ ■ ■ , e p ( n ) are 
generators of H°(X, L n ) as a Z-module, there are integers ai, . . . , a p ( n ) with the following 
properties: 

(1) < ai < I for all i. 

(2) If we set s = (a 1 + lk 1 )e 1 -\ h (a p ( n ) + ^ p ( n ))e p ( n ) for any integers fei, . . . , fc p ( n ), 

t/ien s(xj) 7^ for all i. 

Proof. Let Zi be the Zariski closure of {xi}. We pick up closed a point j/j of Z^ such that 
2/i ^ Zj for all j 7^ i. Let be the maximal ideal at j/j. Since L is /-ample, there is a 
positive integer no such that 

H X (X, L n <g> mi <g> • • • <g> m r ) = 

for all n> no- Thus we have 

r 

H°(X,L n )^^L n / mi L n 

i=l 

is surjective. Hence there is t G H°(X,L n ) with t(yi) 7^ for all i. Since IH°(X, L n ) C 
Ker(#°(X,L n ) -> L n / mi L n ) for all i, (* + Zfc)(y») 7^ for all fc G H°(X,L n ) and 
all z. Therefore, there are integers ai,... , a p ( n ) such that < < / for all z and 
aiei + • • • + a P (n)e p ( n ) does not vanish at ?/j for all z. Thus, if we set s = (a± + lki)ei + 
■ ■ ■ + (a p ( n ) + lkp( n ))e P (n), then s(j/j) 7^ for all z. In particular, s(xi) 7^ for all i. □ 

Lemma 5.2. Let k be a field of characteristic zero, V a vector space over k, and f 
a polynomial function over V at most degree d, that is, f G @ 0<i<d Sym*(V v ). Let 
ei, . . . , e n be generators of V , ai, . . . , a n G k, and c G k\ {0}. // 

/((ai + di)ei H h (a„ + ci n )e n ) = 

/or aZZ non-negative integers . . . , z' n wit/i z'i + • • • + z' n < ci ; then / = 0. 
Proof. Clearly, we may assume ei, . . . , e s form a basis of V. We set 

a^i H h a s e s + a s+ ie s+ i H h a n e n = a'^i H h a' s e s . 

Then, we have 

(at + ci 1 )e 1 -\ h (a s + ci s )e s + a s+ ie s+ i H h a n e n = (a[ +ci 1 )e 1 -\ h (a' s + ci s )e s . 

Thus, 

f((a[ + di)ei H h (a' s + d s )e s ) = 
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for all non- negative integers ii, . . . ,i s with %\ + ■ — \- i s < d. Therefore, we may assume 
that {ei, . . . , e n } is a basis. 

Let {Xl,--- ,X n } be the dual basis of {ei,-- - ,e n }. Then, / is an element of a 
polynomial ring k[X\, • • • , X n ] such that deg(/) < d and 

/(ai + cii, ... ,a n + ci n ) = 

for all non- negative integers ii, . . . , i n with %\ + • • • + i n < d. Changing variables by 
Yi = c~ 1 (X i — o^), we may assume that a± = • • • = a n = and c = 1. 
We prove this lemma by induction on n. We set 

/ = a X% + ai(Xi, . . . , Xn-ijX^ 1 H h ad(Xi, . . . ,X n -i). 

Since /(0, . . . , 0, a) = for all non-negative integer a with < a < d, we have ao = 0. 
We fix non-negative integers ii, . . . , i n _i with zi + • • • + < 1- Then 

/(ii,... ,i n -i,a) =0 

for all non-negative integers a with < a < d — 1. Thus we have ai(zi, . . . , i n _i) = 0. 
Hence, since deg(ai) < 1, by hypothesis of induction, we get a± = 0. Next we fix 
non-negative integers ii, . . . , z n -i with %\ + • • • + z n _i < 2. Then 

f(h,... ,i n -i,a) =0 

for all non-negative integers a with < a < d — 2. Thus we have (^(h, . . . , i n -i) = 0. 
Hence, since deg(a2) < 2, by hypothesis of induction, we get = 0. Continuing the 
same procedures, we have ao = a\ = ci2 = ■ ■ ■ = ad = 0. Therefore, / = 0. □ 

Theorem 5.3. Let f : X — > Spec(Z) be an arithmetic variety and (H, k) an arithmeti- 
cally ample Hermitian line bundle on X. Let xi,X2, ■ ■ ■ ,x r be distinct points of X such 
that the residue field n(xi) at Xi has the positive characteristic for every i. Let Z m be 
a decomposable hyper surf ace of \H™\. If there is a polynomial d(t) with degZ m < d(m) 
for all m, then, for a sufficiently large integer m, there is a section G H°(X, H m ) with 
following properties: 

(1) <f>(xi) 7^ for all Xj. 

(2) The divisor div(0 oo ) in \H™\ does not belong to Z m . 

(3) ||0||sup<l. 

Proof. Replacing H by a higher multiple of H, we may assume that 

Sym m (U°(X, H)) -> H°(X, H m ) 

is surjective for all m > 1. Moreover, by [Zh, Corollary 4.8], we may assume that there 
is a basis {</>i, • • • , 4> n } of H°(X, H) as a Z-module such that ||0i|| SU p < 1 for all i. We 
set r = maxi< i < n {||0 i || sup }. Since Sym m (if°(X, H)) -> H°(X, H ) is surjective, 

w---e} ei > ,..., e „>o, 

eiH he„=m 
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forms generators of H°(X, L m ). Thus, by Lemma 5.1, if m is sufficiently large, there are 
integers a ei ... e „ such that < a ei ... e „ < / and if we set 

for integers k ei ... en , then <f)(xi) ^ for all i, where / = rad(char(«:(a:i)) • • • char(«(a; r -))). 
On the other hand, by Lemma 5.2, we can find integer k ei ... en such that k ei ... en > 0, 
Xl^ei--- e „ < d(m) and that, if is the same as before, div(0 oo ) ^ Z m . Moreover, it is 
easy to see that 

|su P < (p(m)(l-l) + d(m)l)r m , 



where p(m) = rk Sjm rn (H°(X, H)). Therefore, since p(m) and d(m) are polynomials 
and r < 1, if m is sufficiently large, ||0|| S up < 1- D 

6. Proof of Main Theorem. Let X, d, r, (H, k) and (E, h) be the same as in Main 
Theorem. 

For a Hermitian metric e of E, we set 

r _ 1— ' — -2 1 - / rr 7_\d-2 



A(e) = |c 2 (E,e) - — C!(£?,e)^ -ci^fe) 

It is easy to see that, for a positive smooth function p on X, we have A(pe) = A(e). 
Thus, we may assume that det(/i) is an Einstein-Hermitian metric of det(E OQ ). 
Let {/it}o<t<oo be a unique smooth solution of the evolution equation 

(6.1) ht 1 d t (h t ) = K(h t )-d 

of -Eqo with the initial condition ho = h, where 

c _ 2n(d-l)(c 1 (E 00 )-H^ 2 ) 
/•!//'( ; ) 

and K(ht) is the mean curvature of (E^jht) (cf. [Ko, Chap. VI, §6, §7, §8]). 
Since (det ht) -1 d t (det h t ) = tr(h^ d t h t ), by (6.1), we have 

(det /it) _1 dt(det h t ) = K(det h t ) - rc. 

Therefore, det h t also satisfies the evolution equation of det(E 00 ). On the other hand, 
det ho = det h is Einstein-Hermitian. Thus, det ht is Einstein Hermitian for all < t < oo 
(cf. [Ko, Chap. VI, Proposition 9.1]). Hence, we have a smooth function ip{t) on [0, oo) 
with det ht — (pit) det h. 
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Lemma 6.2. A(h t ) is a monotone decreasing function oft. In particular, A(h) > A(h t ) 
for all t > 0. 

Proof. Let t, t' be real number with < t < t'. By the same way as in [Mo, Theorem 6.3], 
A(h t ) - A(h t/ ) = (A(h t ) - A(h)) - (A(h t/ ) - A(h)) 

= (A(h t ) - A( y/W)h)) - (A(h t ,) - A( {/W)h)) 
= DL(h t , tfrfijh) - DL{h v , 

= DL(h t , h) - DL(h t ,,h), (v [Ko, Chap.VI, Lemma 3.23]) 

where DL is the Donaldson Lagrangian. Since {ht} is a solution of the evolution equa- 
tion, DL(htjh) is a monotone decreasing function (cf. [Ko, Chap.VI, Proposition 9.1]). 
Therefore, A(h t ) > A(h t >). □ 

Let us start the proof of Main Theorem. In the case of dim X = 2, our theorem is 
true by [Mo]. We will prove it by induction on dimX. Clearly we may assume that X 
is normal. Let X — > Spec(i?) — > Spec(Z) be the Stein factorization of / : X — > Spec(Z). 
Let xi, . . . ,x\ be the generic points of irreducible components of singular fibers of X — > 
Spec(-R). Since 

{c 2 (^)-^ Cl (^) 2 }-<- 3 >0 

on the generic fiber X v of X — > Spec(.R), 

(6-3) U{E\ X ) - r -^ Cl (E\ x A ■ {H\ x f-* > 



2t" i-n-q' j v '^q 

for all smooth fibers X q of X — > Spec(.R). By Corollary 4.3 and Theorem 5.3, for 
a sufficiently large integer m, there is a section (/) e H°(X,H m ) with the following 
properties: 

(1) 4>(xi) 7^ for all Xi. 

(2) div((/> 00 ) is smooth on X^. 

(3) £oo| divWoo) is semistable. 

(4) ||0||sup<l. 

Let div (p = Y + aiFi + ■ ■ ■ + a s F s be the decomposition of div <f> into irreducible divisors 
such that Y is horizontal and F^s are vertical. By (1), all i^'s are smooth fibers. Here, 
replacing H by H m , we may assume that m = 1. Then, we have 

A(M = {c 2 ((E,Mly) " ^^((^Mly) 2 } -ci((^,fc)| y ) d - 3 

i=l ^ J 



\0g(^k((f), 0)) | C 2 (E oc , h t ) - IL-lci^oo, /l t ) 2 | • Ci(^oo, fc) 



d-3 
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Therefore, by hypothesis of induction, we get 

(6.4) A(h t )>-J^ logtv 7 *^ </>)) {c 2 (^oo, h t ) - T -^lc 1 (E 00 , h t ) 2 } ■ aiHoo, k) d ~ 3 . 

On the other hand, by [Ko, Chap. VI, Proposition 9.1 and Lemma 10.15], 

lim max \K(ht) — cl\ = 0. 

t— »oo x 

Thus, by the same way as in [Ko, Chap. IV, Theorem 4.7 and Theorem 5.7], for any 
positive number e, if t is sufficiently large, there is a non-negative function u on such 
that 

c 2 (Eoo, h t ) - '!^lc 1 (E 00 , ht) 2 } ■ ciOHoo, k) d ~ 3 >(u- e^iOHoo, k) d ~\ 



2r 



Thus 



A(h t ) > - f log( v / M^))(« - e)c 1 (i7 00 , fc)"" 1 

for a sufficiently large t, which implies that 

lim A(h t ) > e [ log( V / M^))c 1 (^ 00 , k) d ~ l . 

Hence we have lim A(/i t ) > 0. Therefore, by Lemma 6.2, we get A(h) > 0. 

Next, we consider the equality condition. Clearly, we may assume that det(h) is 
Einstein-Hermitian. 

Lemma 6.5. If A(h) = 0, then (E^, h) is Einstein Hermitian. 

Proof. Let e be another Hermitian metric of E^. We set e' = ^/det(h)/ det(e)e and 
a = ^/det(e)/ det(h). By the same way as above, we have A(e)—A(h) = DL(e', h). Thus, 
DL(e',h) > 0. On the other hand, DL(e,h) = DL(ae',h) = DL(e',h) +DL(ae',e'). 
Here, since det(e') is Einstein-Hermitian, by an easy calculation, we have 

DL(ae', e') = / <9(log a)d(\og a) Cl k) d ~ 2 > 0. 

Therefore, we have DL(e, h) > 0. This show us that DL(e, h) has the absolute minimal 
value at e = h. Hence, h is Einstein-Hermitian. □ 
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By Lemma 6.5, if dim X = 2, our assertion is trivial. So we may assume that dim X > 
3. We take a section <j> e H°(X, H m ) as before. Then, by (6.4), we have 

A(h) >~ j x logCv^M^)) |c 2 (i?oo,/i) - ^ci(Eoc» 2 | •c 1 (^ 00 ,A;) d - 3 . 

Since /i is Einstein Hermitian, by the same way as in [Ko, Chap. IV, Theorem 4.7], there 
is a non-negative function it on such that 

and that u is identically zero if and only if (E^, h) is projective flat. Here we assume 
that u is not identically zero. Then, since log(^//c(0, 0)) < for all points x G Xoo, 

A(/i)> / -log( v / M^))^i(^ oo ,A;) d - 1 >0 

This is a contradiction. □ 
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